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Abstract. In this paper we prove the stochastic homeomorphism flow property and the strong 
' Feller property for stochastic differential equations with sigular time dependent drifts and Sobolev 

diffusion coefficients. Moreover, the local well posedness under local assumptions are also ob- 
tained. In particular, we extend Krylov and Rockner's results in IflOl to the case of non-constant 
diffusion coefficients. 
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1 . Introduction and Main Result 



Oh ■ Consider the following stochastic differential equation (SDE) in R d : 

dX t = b t (X t )dt + o- t (X t )dW t , (1.1) 

where b : R + x R d — > R d and a : R+ x R d — » R d x R d are two Borel measurable functions, and 
{WJ ( >o is a ^-dimensional standard Brownian motion defined on some complete filtered proba- 
\ bility space (Q., J? P; (^ t )m)- When a is Lipschitz continuous in x uniformly with respect to 
t and b is bounded measurable, Veretennikov [14J first proved the existence of a unique strong 
solution for SDE (ll.ll ). Recently, Krylov and Rockner [ 10] proved the existence and uniqueness 
of strong solutions for SDE CCD with cr = I dxd and 

f (| \b,{x)\ p dx\ dt < +oo, vr>0, (1.2) 

Jo / 

provided that 

d 2 

- + -<1. (1.3) 
X ■ P Q 

More recently, following [10J, Fedrizzi and Flandoli JH proved the or- Holder continuity of 
x i-> X t (x) for any a e (0, 1) basing on Girsanov's theorem and Khasminskii's estimate. In the 
case of non-constant and non-degenerate diffusion coefficient, the present author lfT5l proved 
the pathwise uniqueness for SDE (11.11) under stronger integrability assumptions on b and cr (see 
also [6j for Lipschitz cr and unbounded b). Moreover, there are many works recently devoted to 
the study of stochastic homeomorphism (or diffeomorphism) flow property of SDE (11.11) under 
various non-Lipschitz assumptions on coefficients (see [(31 [T6j [5J and references therein). 

We first introduce the class of local strong solutions for SDE ( ll.lt . Let t be any (J^)-stopping 
time and £ any ^-measurable Revalued random variable. Let S^IJ^) be the class of all Re- 
valued (J£",)-adapted continuous stochastic process X t on [0, r) satisfying 

pL) : £ \b s (X s (a>))\ds + \o- s (X s (co))\ 2 ds < +co,vr 6 [0,r(w))| = 1, 
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and such that 

X, = f + f fc,(X,)ds + f cr s (X s )dF s , V? 6 [0, r), a.s. 
Jo Jo 

We now state our main result as follows: 

Theorem 1.1. In addition to ( 17.21 ) wz'/Ti p, q e (1, oo) satisfying ( 17.31) . we a/50 assume that 

(H^") o~,(x) w uniformly continuous in x 6 R d locally uniformly with respect tot 6 R+, an<7 /Tiere 
ex/st positive constants K and 5 such that for all (t, x) € R + x R d , 

£|i| 2 < ^ |of (xK'| 2 < 7^| 2 , e R d ; 

/A 

(H^") |Vo~ f | 6 (R + ; L p (R d )) wzY/z z7ze same p,a a* required on b, where V denotes the gener- 
alized gradient with respect to x. 

Then for any (^,)-stopping time r (possibly being infinity) and x e R d , there exists a unique 
strong solution X t (x) e (x) to SDE ( 17.71) . which means that for any X t (x), Y t (x) e ^IJyx), 

P{to : X t (o),x) = Y t (co,x),\ft e [0,t(w))} = 1. 

Moreover, for almost all 10 and all t > 0, 

x 1— > X f (w, x) zs a homeomorphism on R d , 

and for any t > aziJ bounded measurable function (f>, x,y e R d , 

|E0(Z f (x)) - E0(X f (y))| < Q||0|Ux -y\, 

where C, > satisfies lim,^ C, = +00. 

Remark 1.2. The uniqueness proven in this theorem means local uniqueness. We want to 
emphasize that global uniqueness can not imply local uniqueness since local solution can not 
in general be extended to a global solution. 

By localization technique (cf. |[T5l0 . as a corollary of Theorem II .![ we have the following 
existence and uniqueness of local strong solutions. 

Theorem 1.3. Assume that for any n e N and some p n , q n e (1, 00) satisfying ( 17.31) . 

(i) \b t \, IVo-,1 e L% c (R + ;LHB n )), where B n := {xeR d : \x\ < n}; 

( ii) crf(x) is uniformly continuous in x e B n uniformly with respect tote [0, n], and there exist 
positive constants 5 n such that for all (t, x) e [0, n] x B n , 

Y J \o-f{x)A i \ 2 >5 n \A\\ V/l e R d . 

ik 

Then for any x e R d , there exist an ( ,^ t )- stopping time £(x) (called explosion time) and a unique 
strong solution X t (x) e * (x) to SDE ( 17.71) such that on {co : £(co, x) < +00}, 

lim XXx) = +00, a. s. (1.4) 

«TfOO 

Proof. For each n e N, let^„(f, x) e [0, 1] be a nonnegative smooth function in R + x R d with 
;f„0, x) = 1 for all (t, x) e [0, n] x 7?„ and^„(?, x) = for all (t, x) g [0, n + 1] X fl„ +1 . Let 

&"(x) :=^„(f,x)o r (x) 

and 

<0) : = ^„ + i(?,x)o- r (x) + (1 1 1 + sup \o- t (x)\ \l dxd . 

\ (t,x)e[Q,n+2]xB n+2 ) 
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By Theorem ll.il for each x e R d , there exists a unique strong solution X"(x) e „(x) to 
SDE (11.11) with coefficients b" and cr n . For n > k, define 

T„ ik (x, oj) := mf{t > : |Xf {to, x)\ > k] An. 

It is easy to see that 

By the local uniqueness proven in Theorem ll.il we have 

P{co : X?(a>, x) = X*(w, x), V? 6 [0, r, a (x, w))} = 1, 
which implies that for n ^ k, 

TkA x ) < < t, v ,(x), a. 5. 

Hence, if we let &(x) := r^x), then &(x) is an increasing sequence of (J^)-stopping times and 
for n ^ k, 

P{co : X?(x, co) = Zf(x, w), V? e [0, &(x, w))} = 1. 

Now, for each k 6 N, we can define Z t (x, o>) = (x, co) for f < ^(x, o») and £(x) = lim^oo &(x). 
It is clear that X t (x) e ^f^(x) and (fL4l) holds. □ 

The aim of this paper is now to prove Theorem ll.il We organize it as follows: In Section 
2, we prove two new estimates of Krylov's type, which is the key point for our proof and has 
some independent interest. In Section 3, we prove Theorem II .11 in the case of b = 0. For the 
stochastic homeomorphism flow, we adopt Kunita's simple argument (cf. 0T]|)- For the strong 
Feller property, we use Bismut-Elworthy-Li's formula (cf. 10). In Section 4, we use Zvonkin's 
transformation to fully prove Theorem ll.il In Appendix, we recall some well known facts used 
in the present paper. 

2. TWO ESTIMATES OF KRYLOV's TYPE 

We first introduce some spaces and notations. For p,q e [l,oo) and < S < T < oo, we 
denote by L p (S, T) the space of all real Borel measurable functions on [S, T] xR d with the norm 



Lj(5,T) 



[f(J 



f(t,x) p dx 



p 



< +oo. 



For m e N and p > 1, let Hp" be the usual Sobolev space over R d with the norm 

m 
k=Q 

where V denotes the gradient operator, and || • \\ LP is the usual L^-norm. We also introduce for 

< S < T < oo, 

W; q (S,T) = L«(S,T;H z p ), 

and the space J-( p q (S, T) consisting of function u = u(t) defined on [S, T] with values in the 
space of distributions on R d such that u e M 2 p q (S, T) and d,u e h p (S, T). For simplicity, we 
write 

L«(T) = L|(0, T), U 2 p i(T) = Hj*(0, T), 9^' q (T) = «K p 2 '«(0, T) 

and 

L t u(x) := \of{x)of(x)didju(x) + V t (x)diu(x). (2.1) 



Here and below, we use the convention that the repeated indices in a product will be summed 
automatically. Moreover, the letter C will denote an unimportant constant, whose dependence 
on the functions or parameters can be traced from the context. 

We first prove the following estimate of Krylov's type (cf. [H p. 54, Theorem 4]). 

Theorem 2.1. Suppose that o~ satisfies (H^) and b is bounded measurable. Fix an ( ^ t )-stopping 
time t and an J^o-measurable R d -valued random variable £, and let X t e 5?? (g). Given T > 
and p,q £ (1, oo) with 

d 2 

- + - < 2, (2.2) 
P 1 

there exists a positive constant C = C(K,6,d, p,q, T , H&IU) such that for all f e h p (T ) and 
< S < T < T , 

( WAT 



pi M 



f(s,X s )ds 



< CWftUsjy (2.3) 



Proof. Let r = d + 1. Since h r r (T ) n ~L p (Tq) is dense in hp(T ), it suffices to prove (|2.3I) for 

feU r (T )nU p (T ). 

Fix T 6 [0, r ]. By Theorem 15.21 in appendix, there exists a unique solution u 6 Tlf. ,r (T) n 
7Yp' 9 (r) for the following backward PDE on [0, T\. 

d t u(t, x) + L t u{t, x) = f(t, x), u(T, x) = 0. 

Moreover, for some constant C = C(K, 6, d, p, q, T , H&IU), 

\\d t u\\u(s,T) + WuWu^sj) < c Wf\\u(s,Th 6 [0, T] (2.4) 

and 

H5f«llL«(s,r) + W u K 2 /(s,T) ^ C H/HL;i(5,r)' ^ e [°' r ]- 
In particular, by (1231) and OH Lemma 10.2], 

sup \u(t,x)\ <C\\f\\ L i p{SJ y (2.5) 

(/,x)s[S,7 , ]xR 1 ' 

Let p be a nonnegative smooth function in R rf+1 with support in {x e R d+1 : |jc| < 1} and 
JL + , p(t, x)dtdx = 1. Set p„(?, jc) := n d+1 p(nt, nx) and extend w(s) to R by setting u(s, •) = for 
5 > r and w(s, •) = u(0, •) for s < 0. Define 

x) := I w(s, y)p„(? - s, x - y)dsdy (2.6) 

and 

/„(?, x) := d t u n (t, x) + L t u n (t, x). 
Then by (12.41) and the property of convolutions, we have 

Wfn ~ f\\v r (T) < \\d t (u„ - u)\\ K(T) + \\b'di(u n - u)\\u AT) + K\\didj(u n - w)IIl;:(d 

< \\d t (u„ - u)\\ U(T) + ||&|U|V(w„ - u)\\u r (j) + K\\u n - u\\ m 2 /{T) 

< \\d t (u n - u)\\ K(T) + C\\u n - u\\^,r {T) -» as n -» oo. 

So, by the classical Krylov's estimate (cf. (9J Lemma 5.1] or j6l Lemma 3.1]), we have 

lim E ( f \f n (s, X s ) - f(s, X s )\ds) < lim \\f n - f\\ U(T) = 0. (2.7) 



n— »oo 



Now using Ito's formula for u n (t, x), we have 

U n (t,X t ) = U n (0,X )+ f f n ( S ,X s )ds+ f diU^X^iXsWW*, W 

Jo Jo 



< T. 



In view of 



sup \diU n (s, x)\ < C n , 

s,x 

by Doob's optional theorem, we have 

S^TAT 

E iM „(j,X,)a?(X,)dWj 

JS/\T 



0. 



Hence, 



( nTAT 



f n (s,X s )ds 



Sat 



> 


= E 








< 2 



(u n (T A T,X ThT ) - U n (S A T,X 5Ar )) 



(2.8) 



E3 



The proof is thus completed by (12.71) and letting n — * oo. 



□ 



Next, we want to relax the boundedness assumption on b. The price to pay is that a stronger 
integrability assumption is required. 

Theorem 2.2. Suppose that o~ satisfies (H^) and b e Z/ y (R+, L p (R, d )) provided with 

d 2 

- + -<1. (2.9) 
P 1 

Fix an (JP t )-stopping time r anJ an ^-measurable W 1 -valued random variable g and let X t e 
^bcM)- Given T Q > 0, there exists a positive constant C = C(K,S,d, p,q,T ,\\b\\ L ^ To) ) such 
that for all f e h q p (T Q ) and < S < T <T Q , 



( r-T at 



f(s,X s )ds 



Sat 



< C\\f\k''(s:ry 



(2.10) 



Proof. Following the proof of Theorem l2Jl we let r = d + 1 and assume that 

/eL;(r )nL*(r ). 

Below, for N > 0, we write 

Lfw(x) := ^cr' t k (x)cr J t \x)didjU(x) + l [Mx)lm b' t (x)diU(x). 



Fix T 6 [0, r ]. By Theorem 15 .21 there exists a unique solution u e f-(f' r (T) n Hp^iT) for the 
following backward PDE on [0, T] : 

d,u{t, x) + Lf u(t, x) = f(t, x), u(T, x) = 0. 

Moreover, for some constant Ci = C\(K, 6, d, p, q, T , N), 

\\dtu\\ws,T) + \\u\W /(SJ) < C.WfWmsj), V5 6 [0, T], (2.11) 

and for some constant C 2 = C 2 (K, 8, d, p, q, T , \\b\\ h i p ^), 

\\d t u\\ hp(SJ) + IMIh^s.D ^ C 2II/IIl*(5,d, vs 6 [°> r ]- 
In particular, by (I2~9l) and 0H Lemma 10.2], 



sup \u(t,x)\+ sup \Vu(t,x)\<C 2 \\f\\ h i piS ,Ty 

(t,x)e[S J]xR d (t,x)e[S,T]xR d 
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(2.12) 



For R > 0, define 

r R := inf e [0,r) : |fc,(*,)|dJ > *j 
Let u n be defined by (12.61) . As in the proof of Theorem 12.11 (see (12.81) ). by (|2.12l) . we have 



( rT^r R 



I 



(d s u n + L s u n )(s, X s )ds 



\JSat r 



< C^II/IIl'GSJ")- 



(2.13) 



Now if we set 
then 



f?(t, x) := d,w„(f, x) + L?u n (t, x), 



( r TAT R 



f f?(s,X s )ds 

AT R 



' pT/\T R 

I (d s u n + L s u n )(s,X s )ds 

AT R 

( r-TAr R 

J 1 [\b s (x s )\>m bl s( x s)diU„(s, X s )ds 



>SAT R 



Hence, by (FTTH) and (|2J3l 

' r-T/\r R 

E /*(j,X,)dj 

, Js, 



< C||/|U (S , r) + CE 



f rT/\r R 

l{\b,(x,)\>fy 

JS ATr 



\b s (Xs)\ds 



\JSat r 



(2.14) 



where C = C(X, 5, J, /?, q, T , II&IIlVo)) * s independent of n and 7?,^. Observe that for fixed 
> 0, by ED> 

lim||/j v -/|| L;(r) = 0, 

;i— >oo 

and for fixed 7? > 0, by the dominated convergence theorem, 

-TAT R V 

l{|fc s (x s )|>JV}I^X^)|ds = 0. 



lim El 

iV->oo 



Sat r 



Taking limits for both sides of (12.141) in order: n — » oo, Af — » oo and 7? — » oo, we obtain 
(EH). 



□ 



(3.1) 



3. SDE WITH SOBOLEV DIFFUSION COEFFICIENT AND ZERO DRIFT 

In this section we consider the following SDE without drift: 

X t (x) = x+ f o- s (X s (x))dW s . 
Jo 

We first prove that: 

Theorem 3.1. Under (H 1 ^) and (H^ ), the local pathwise uniqueness holds for SDE ( 13.71) . More 
precisely, for any ( ^ t )-stopping time r (possibly being infinity) and x e R d , let X t , Y t e y^ix), 
then 

P{co : X t (oj) = Y t (a>),Vt e [0,t(w))} = 1. 
In particular, there exists a unique strong solution for SDE d3.il) . 

Proof. Set Z f := X, - Y t . By Ito's formula, we have 

JntAT ptAT 
<Z V , [o- s (X s ) - o- s (Y s )]dW s ) + \\o- s (X s ) - o- s (Y s )\\ 2 ds. 
o Jo 



If we set 



M t := 2 



(Z s , [<t s (X s ) - o- s (Y s )]dW s ) 
\Z S \ 2 



and 

s) - cr s (Y s )\\ 2 A 
i as, 



{ = p \\cr s (X s ) 
Jo 



then 



ptf\T 

, T \ 2 = \Zfd(M s +A s ). 

Jo 



Here and below, we use the convention that jj = 0. Thus, if we can show that t h-> M thT + A tAT is 
a continuous semimartingale, then the uniqueness follows. For this, it suffices to prove that for 
any t > 0, 

E|M fAr | 2 < +00, EA tAT < +00. 

Set 

cr"(x) := cr s . *p n (x), 

where p n is a mollifier in R d as used in Theorem 12. II By Fatou's lemma, we have 

EA, Ar < hmE — l|z s |> e d5 

£lo Jo I As I 



r 

limsupE I 

e!0 «eN Jo 



fAT ||_-(7 



„<(X V ) - <t1(Y s )\\ z 
< 3| limsupE I — ■ — l|z t |> £ d5 



r 

lim lim E I 

eiO JO 

=: 3(/i(0 + hit) + hit)) 
By estimate (|2.3I) . we have 



ej.0 «eN ^0 lAj 

C thT \\(T"iX s ) - CT S .(X V )|| 2 

+ lim lim E — ■ — l|z,i> £ d5 

siO Jo \Zs\ Z 

. tAT |K(F,) - cr s iY S/ „ 

+ hmlimE — ■ — - l|z,i> £ d^ 

£l o n ^ Jo |Z. '- 



1 r' 

lim — lim E I 

Jo 



hit) < lim - lim E f - crMsWds 

ej.0 

1 , 1 , 

< lim — lim |||(r" - crr|| L ,/2„ = lim — lim \\a n - cr\\ l q = 0, 

and also, 

hit) = 0. 

For hit), we have 



E2 

hit) < 



WAT 2 

C sup E \M\Vcr n s \iX s ) + M|V<|(7,) ds 

nsN Jo 



< CsuplKMIV^I) 2 !!^,) = Csup||M|Vcr"||| 2 

^CsupUVcr"!^ <C||Vcr.|| 2 9 

Combining the above calculations, we obtain that for all t > 0, 

EA ;AT <C||Vcr.|| 2 , (f) . (3.2) 

Similarly, we can prove that 



j 2 = 4e r 

Jo 



r K(.Yj- ( r,(rj|-z A - 



E|M, Ar | 2 = 4E I il-.w^.v/ j ^^j -21 < CIIVo-." 2 
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where the star denotes the transpose of a matrix. The existence of a unique strong solution now 
follows from the classical Yamada-Watanabe theorem (cf. 0). □ 

Below, we prove better regularities of solutions with respect to the initial values. 

Lemma 3.2. Under (H^) and (H^"), let X t (x) be the unique strong solution of SDE di.il) . For 

any T > 0, y e R and all x ±y e R d , we have 

sup Eta - X t (y)\ 2 A < C\x - y\ 2y , 

te[0,T] 

where C = C(K, 6, p, q, d, y, T). 

Proof. For x ± y and e e (0, \x - y\), define 

r £ := inf{? > : \X t (x) - X t (y)\ < s}. 
Set Zf := X tATF (x) - X tATs (y). For any y e R, by Ito's formula, we have 

Jr*tAT e 
\Z E s \ 2 ^ l) (Z E s , [cr s (X s (x)) - o- s (X s (y))]dW s ) 
o 

WAT E 

+ 2y \Z E f^\\o- s (X s (x))-o- s (X s (y))\\ 2 ds 
Jo 

\Zf { y- 2 \a s (X s {x)) - cr s (X s (y))TZ E \ 2 ds 

o 

r>tf\T E 

\Z s \ 2 ?(a(s)dW s + J3(s)ds), 

*J 



=: \x-y\ iy + 



2y 



where 



and 



. 2y[o- s (X s (x))-o- s (Y s (y))YZ e 
a(s) := 



?l 2 



Q( 2y\\o- s (X s (x)) - o- s (Y s (y))\\ 2 2y(y - l)\[a s (X s (x)) - <r s (Y s (y))YZ* s | 2 



\Zf- |Zf| 4 
By the Doleans-Dade's exponential (cf. lfT3l ). we have 

\Z £ \ 2 T = \x-y\ 2 ?expU a( s )dW t --J \a(s)\ 2 ds + J J3(s)ds\ . 

Fix r > below. Using (12.31) and as in the proof of (13.21) . we have for any < s < t < T, 

( n t ^ 
l/3(r A T £ )\dr 



J 



where C = C(X, 5, p, g, J, 7, 7j. Thus, by Lemma l53l we get for any A > 0, 

Eexp |/l JT |/3(^)|d^ < Eexp I A jT a T e )|dsj < +00. 
Similarly, we have 

E exp |i ^ \a{s)\ 2 ds^ < +00, > 0. 
In particular, by Novikov's criterion, 



t h> exp 1 2 J ff(5)dW, - 2 J |a(5)| 2 d*| =: Mf 



is a continuous exponential martingale. Hence, by Holder's inequality, we have 

E|Zf| 2r < |x-yf r (EMf)^Eexp j£ \a(s)\ 2 ds + 2 ^ j8(s)dsjj" < C\x - y\ 2y , 

where C is independent of e and x, y. 
Noting that 

lim r £ = r : = inf {* > : X t (x) = X t (y)}, 
by Fatou's lemma, we obtain 

E\X tAT (x) - X tAT (y)\ 2y = limE|Z f £ | 2 ^ < C\x - y\ 2y . 

Letting y = -1 yields that 

r > t, a.s. 

The proof is thus complete. □ 
Since cr is bounded, the following lemma is standard, and we omit the details. 

Lemma 3.3. Under (Hf), let X t (x) solve SDE rt3.il) . For any T > 0, y e R and all x e R d , we 

have 



sup (i + \x t ( X )\ 2 y U Ci(i + w 2 ) r , 

Ve[0,T] / 
where C\ = C\(K, y, T), and for any y > 1 and s > 0, 

sup E|I ( (jc) - X s (x)| 2r < C 2 \t - s\\ 



where C2 = C2(K, y). 

Basing on Lemmas I3T21 and 1331 it is by now standard to prove the following theorem (cf. IfTTl 
Theorem 4.5.1]). For the reader's convenience, we sketch the proof here. 

Theorem 3.4. Under (EL^) and (H^), let X t (x) e =5^(x) be the unique strong solution of SDE 
d3.il) . then for almost all to and all t e R+, x 1— > X t {co, x) is a homeomorphism on R d . 



Proof. For x ± y e R d , define 



%(x,y):=\X t (x)-X t (y)\- 1 . 



For any x, y, x',y' e R d with x ± y, x' ± y' and s ± t, it is easy to see that 

\%{x,y) - W,y')\ < %(x,y) ■ <R s (x',y') ■ [K(x) - Z,(^)l + K(y) - 

By Lemmas [3.21 and 1331 for any y > 1 and s, ? 6 [0, T], we have 

E|!R t (x, y) - K(x',y')\ 7 < C\x - y\^\x' - yT(\t - s? 12 + |x - x'\ y + \y- y'Y). 

Choosing y > 4(d + 1), by Kolmogorov's continuity criterion, there exists a continuous version 
to the mapping (t, x,y) i-» %(x,y) on {(t, x,y) e R + x R d x R J : x + y\. In particular, this proves 
that for almost all a>, the mapping x i-> X,(o>, jc) is one-to-one for all t > 0. 
As for the onto property, let us define 

(l + \X t (x\x\- 2 )\)-\ x*0, 
0, x = 0. 

As above, using Lemmas 13.21 and 13 .31 one can show that (t, x) h-» ^(x) admits a continuous 
version. Thus, (f , x) i-» X,(oj, x) can be extended to a continuous map from R + x R rf to R d , where 
R d = R d U {00} is the one-point compactification of R d . Hence, X,(co, •) : R d — » R^ is homotopic 
to the identity mapping Xq(-) so that it is an onto map by the well known fact in homotopic 



J,(x) = 



theory. In particular, for almost all w, xh X t (a>, x) is a homeomorphism on R d for all t > 0. 
Clearly, the restriction of X t (a>, •) to R d is still a homeomorphism since X t (a>, oo) = oo. □ 

Now we turn to the proof of the strong Feller property. 

Theorem 3.5. Under (H^) and (H^), let X t (x) e ^o^-OO be the unique strong solution ofSDE 
d3.il) . then for any bounded measurable function <f>, T > and x, y e BL rf , 



mX t (x))) - E(<f>(X,(y)))\ < %||0|U* - y|, V? e (0, T] 



(3.3) 



Proo/ Define cr"(x) := cr t * p n (x), where p„ is a mollifier in R rf . By (H^), it is easy to see that 
for all (t, i)eR + x R d , 



6\A\ 2 <J]\[o-';(x)fAf < K\A\ 2 , MA 



(3.4) 



Let X"(x) 6 ^o°(rn( x ) be the unique strong solution of SDE (13.11) corresponding to <x". By 
the monotone class theorem, it suffices to prove (13.31) for any bounded Lipschitz continuous 
function (p. First of all, by Bismut-Elworthy-Li's formula (cf. [|2l), for any h e R d , we have 



V*E#X?(x)) = -1 



<P(X"(x)) f [^(X^xW'VnX^dW, 
Jo 

where for a smooth function /, we denote V/,/ := (V/, /z). Noting that 

V^(x) = ^+ f Vo^(x))-V^(*)dW,, 
Jo 

by Ito's formula, we have 

|V,X;'(x)| 2 = |/i| 2 + 2 f <V^(x),V<(Z^))-V^(x)dW J > 
Jo 

+ r nv^^w) • v„^wii 2 d S 

Jo 

=: |/*| 2 + J \V h X n s (x)\ 2 (a n h (s)dW s + /3 n h (s)ds), 

where 

(V^ ))* • Vo" s (X?(x)) ■ V h X»(x) 
a h (s) := 

and 



(3.5) 



]V„X«(x)| 2 

wo-" s (x:(x)) ■ v h x:( X )\\ 2 



ftW • |V„X»(x)| 2 
By the Doleans-Dade's exponential again, we have 



|V^W| 2 = N 2 exp 



f <( S )dw,-i r K(5)i 2 d5+ r $ 

^Jo ^ Jo Jo 

Fix T > 0. By (EOl) . we have for any < s < t < T, 



(s)ds 



f K(r)\dr 



< C||V(T' 



nii2 



L«(5,f) ^ C H Vo 'llLj(5,f)' 



where C = C(K, 6, p, q, d, T) is independent of n, x and h. Thus, by Lemma [5731 we get for any 
A>0, 



sup supEexp I A 



f n 

Jo 



(s)\ds \ < +oo. 



Similarly, 



Jo 



sup sup E exp ( /I | |o'^(5')| 2 d5' | < +00. 

Hence, 



sup sup sup E|V ft X ; " W| 2 < C|/z| 2 , V/i g 

n te[0,T] ■ 



and by and (Oil . 



|V,E0(Z;(x))| < IK(^(x))]" 1 V^(x)| 2 d^ 



< w^| E j^ \V h X" s (x)\ 2 d S \ < 
which implies that for all t e (0, T] and x, v 6 R d 



CtUIL p v , v 2 ¥ C T U\Uh\ 

- — je j |VfcX?(x)rdsj < — ^ — , 



\E(<f>(X?(x))) - E(0(^(y)))| < - y |, (3.6) 

yt 

where Cj is independent of n. 

Now for completing the proof, it only needs to take limits for (13.61) by proving that for any 

X € R d , 

lim B\X?(x) - X,(x)\ = 0. (3.7) 

Set 

Z?(x) :=X?(x)-X t (x) 

and 

77*0) := (M|V<|(X?(x)) + M|V<|(Z,(x))) 2 . 
For any A > 0, by Ito's formula, we have 

E|Z?00|V'^V« d * = E f ||<(X*(x)) - a-XXXx^HV^oVWd^ 

Jo 

-M f j]"(s)\Z^x)\ 2 e- A ^^ dr ds 
Jo 

<E f IK(X^(x)) - ^(ZXxWlpe-^oVWdr^ 
Jo 

+ E f IK(X. s (x)) - o-,(* s (*))||V^Vwd,- ds 
Jo 

- AE f Tf(s)\Z n s (x)\ 2 e-*£™' lr ds 
Jo 

k (C d -X)E if{s)\Z n s {x)\ 2 e- A ^^ds 
Jo 



+ E f ]|<(X, W) - cr,(X, W)|| 2 d^. 
Jo 

Thus, by (12.31 ), we obtain that for any /I > C d , 

lim E|Z?(x)|V-*XV(*)d* < lim \\o» - cr\\ 2 m = 0. 



n— >oo 
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Moreover, as above, by (12.31 ), (15.31 ) and Lemma [531 we also have 

supEexp|/l^ |i/Xs)|dsj < VA,r>0. 
Hence, by Holder's inequality, 



lim E|Z?(x)| < lim 



o, 



which then gives (13.71) . The proof is complete. □ 

4. Zvonkin's transformation and Proof of Theorem I1.1I 

In this section we prove Theorem II .ll by using Zvonkin's transformation to kill the drift (cf. 
El). Below, we assume that a satisfies (Hf) and b e L q (R + , L p (R d )) provided with 

d 2 

- + -<1. (4.1) 
P q 

Fix T > 0. For any T e [0, Tq] and I = 1, • • • ,d, let u e {t, x) solve the following PDE: 
d t u\t, x) + L t u\t, x) + b e (t, x) = 0, u e (T, x) = 0, 
where L, is given by fl2.ll ). Set 

u(t, x) := (w 1 0, *),■••, u d (t, x)) e R d . 

By Theorem |5]TJ we have 

C := sup (\\d t u\\hl(T) + llull H ^ m ) < +0 °- ( 4 - 2 ) 

re[0,T ] ' 

Thanks to (|4J) and (l42l) . by OH Lemma 10.2], 

(t, x) i — > Vu(f, x) is Holder continuous, 

for any 5 e [0,7], 

sup |Vu(*,x)| < d(r - 5) 5 (||5,u|| L; / (S , r) + ||u||^ (SiT) ) < C Ci(r - 5) 15 , (4.3) 



and for fixed 5 6 (0 ^ - f - -), there exists constant Ci > depending only on p, q, 6 such that 

z z/? q 



(t,xMS, 

where C is defined by (14.21) . 

Let u„ be the mollifying approximation of u defined as in (|2.6I) . Define 

d> t (x) := x + u(t, x), 0"(*) := x + u tl (t, x). 

It is easy to see that O solves the following PDE: 

d t <b t (x) + L,d> t (x) = 0, <b T (x) = x. (4.4) 

Moreover, letting T,S e [0, T ] satisfy that 

0<T - S ^2(ck^> (4 - 5) 



u x-y\<\<l$(x)-<%(y)\<l\x-y\ 



then by (|43T) . we have for all ? e [5 1 , T], 

2 

and 

i|x-v| < |<D,(x) - O f (y)| < \\x-y\ s 
which implies that <D f and <D" are diffeomorphisms on W 1 . So, if we set 

%(x) := O^(x), := Or'W, 
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then 



|V<D,(*)| V |VO' r '(x)| < | |W f (x)| V \YV}(x)\ < 2. (4.6) 



We first prove two lemmas. 
Lemma 4.1. For each (t, x) e [S, T] x R d , we have 

lim 0?(x) = <&,(*), lim *¥?(x) = %(x) (4.7) 

lim |V^(y) - VF,O0| = 0. (4.8) 

n— >oo 

Proof. The first limit is immediate from the property of convolution. The second limit follows 
from 

\%(x) - %(x)\ < 2|x - ^CP,W)| = m t (%(x)) - 0?OF f (x))|, 
and the first limit. As for the third limit, noting that 

[V^OOr 1 = V<^oX(y), 

by (|4.6I) . we have 

|W?(y) - V¥ f (y)| = |W?(y)| • |V0? o ^(y) - V0, o %(y)\ ■ \V%(y)\ 
<4|VO;'o^(3;)-VO f oVF f (v)|. 
The third limit follows from the continuity of x h-» V0 r (x). □ 
Lemma 4.2. We /zave 

lim ■ djW 1 / ■ (dfdfQt? o X) ■ W* - ■ «9/F{ ■ (d r d r ®< s o W s ) ■ <9^|U (S>r) = 

n — >oo ^ 

and 

lim ||(d ; 0" o *F) • W" - (5,0 o • VT|| L » (S r) = 0. 

ft— >oo ' ' 

Proof. We only prove the first limit, the second limit can be proved similarly. For proving the 
first limit, it suffices to prove the following two limits: 

lim \\diX? ■ <>X f ■ di'df&s ° ^ • W - d,¥ s ■ djV{ ■ d f df<ft g o V s ■ ^||lj (S> d = 0, 

iim p ; *pf • djW"/ • d e d f <B? o x • <wf - aflff • <vr r • d t d f &, o • <9^f iu s T) = o. 

/I — >co ' 

The first limit follows by (14.21) . (14.61) . (14.81) and the dominated convergence theorem. For the 
second limit, by (14.61) . we have 

|| W • djX' f ■ drd f <&? ° y» • d,X k ~ W ■ W • d r d f &, o • diX'Xlw 

< 8||V 2 0' o T" - V 2 o ¥|| L * (S , T) = 8||V 2 u„ o *F _ v 2 u o T|| L j (S , r) < 

< 8||V 2 u ;1 o vf" - V 2 u o X\l$(sj) + 8||V 2 u o W" - V 2 u o Y|| L|(S , r) 

< C||V 2 u„ - V 2 u|| L , (5 , r) + 8||V 2 u o *F" _ v 2 u o nvj,( S jy 
where in the last step, we have used the change of variables and 



It is clear that by 



sup sup det(V0?(x)) < C. 

n (t,x)e[S ,T]xR d 



lim ||V 2 u„ - V 2 u|U (5jr) = 0. 
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On the other hand, let u e be a family of smooth functions on [0, T] x R d with compact supports 
such that 

lim||V 2 u e -V 2 u|U (SiT) =0. 

Then as above, we have 

limsup ||V 2 u £ o - V 2 u o T"|| L?(S T) = 0, 

£->0 „ P 



and for fixed s, by (14.71) and the dominated convergence theorem, 



lim ||V 2 u £ o vF - V 2 u e o ¥|U S>T) = 0. 



Hence, 

72„ „ wm tj2 



lim ||V 2 u o y n - V z u o *P|| L , (5 T) = 0. 

The proof is thus complete. □ 

Now we are in a position to prove the following Zvonkin's transformation to kill the drift. 

Lemma 4.3. Let r be any ( JP t )-stopping time. Let X, be a R d -valued ( JP t )-adapted and contin- 
uous stochastic process satisfying 

p|gj : ^ (\b s (X s (a>))\ + \o- s (X s (u))\ 2 )ds < +oo,V* e [0,t(cj))| = 1. 

Then X, solves the following SDE on[S AtJA t), 

dX t = b t {X t )dt + o- t (X t )dW t , 
if and only ifY t : = <D ; (X ? ) solves the following SDE on [S A r, T A r) 

dY t = Z t (Y t )dW t , 

where Zf (y) := • erf) o ¥,(y). 

Proof. We first prove the "only if" part. Let X" := ^"(Yf). By Ito's formula, we have for all 
t 6 [5 A r, T A r), 

x f " = ^ Ar (y 5AT ) + f fa,^ + i(s,z*)^ i a^l(r,)dj+ f iv^-s,](y,)dw,. (4.9) 

Js At JSat 

Noticing that 

d s X ■ ( v #" ° X) + d s®" ° X = 

and 

• d/F^'' • (dfd f <P? o ^) + • (d k ® n / o T") = 0, 

we have 

d s w s = -(d s <t> n s o . vw n s 

and 

didjVf = - W • d/F" J ' • (di,df®f o ^) • cWf . 
Let X, = »P f (F f ). Taking limits for both sides of (14^91 . and by Lemmas SUgJ and (l23i (I4~4l) . 
one finds that for all f 6 [S A r, T A r), 

Z r = ¥ 5 (F 5AT )+ f K^)d^+ f o- s (X s )dW s . 

JSat JSat 

The "if" part is similar by (|2.10l) and in fact easier. We omit the details. □ 
Basing on the above Zvonkin's transformation, we can give 
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Proof of Theorem [7771 Using the standard time shift technique (cf. [16]), by Lemma |4"731 and 
Theorems [Ml [331 it only needs to check that Sf(y) := (<9;<D>| • of) o %(y) satisfies (Hf) and 
(H^). First of all, (H^) is clear. For (H^), we have 

dfif 00 = • erf + djQi ■ draf) o %(y)] • 3^'(y). 

By (14721) . (14761) and (Hp, it is easy to see that 

\\d£ ik \\ hp{TQ) < +°°- 

□ 

5. Appendix 

The following result is a combination of [10, Theorem 10.3 and Remark 10.4]. 

Theorem 5.1. Let p,q e (1, 00) satisfy U.3\) . Assume (Hf) and b e L q (R + ,L p (R d )). For any 
T > and f e h q p (T), there exists a unique solution u e ( Hf,' q (T) for the following PDE: 

d t u(t, x) + L t u(t, x) + f(t, x) = 0, u(T, x) = 0. (5.1) 

Moreover, this solution satisfies that for any S e [0, T], 

\\dM\ Lp{SJ) + IMIh^sj-) < C\\f\\uj >{S T) , 

where C = C(T, K, 6, p, q, ||fc|| L » (r) ). 

The following result can be proved along the same lines as in [10, Theorem 10.3, Remark 
10.4]. We omit the details. 

Theorem 5.2. Assume (H^) and we consider the following two cases about b: 

(1°) Let p, q 6 (1, 00) be fixed and let b be a bounded measurable function. 
(2°) Let p, q e (1, 00) satisfy (Q and let b e L«(R+, Z/(R rf )) n L°°(R + x R rf ). 

For any T > 0, r € (1, 00) anJ / 6 L^(T) Pi h q p (T), there exists a unique solution u 6 < H r ' r (T) Pi 
( Hp ,q (T) for PDE d5.il) . Moreover, this solution satisfies that for any S e [0, T], 

<C 1 ||/|| L 

and 

Pf"llL«(s,r) + H M ll H f; ? (5,r) ^ C 2]|/1Il?(s,7> 
where C\ = C\(T, K, 6, p, q, HolD ca*e (1°), C 2 = C 2 (7\ ^f, 5, p, q, \\b\\oo), and in case 

(2"), C 2 = C 2 (T,K,6,p,q,\\b\y p(T) ). 

The following lemma is taken from 021 p. 1, Lemma 1.1]. 

Lemma 5.3. Let {/^(OWot] be a nonnegative measurable (JP t )-adapted process. Assume that 
for all < s < t < T, 





\ 




f /3(r)dr 




< p(s, t), 


{Js 


3? s > 





where p(s, t) is a nonrandom interval function satisfying the following conditions: 

(i) p(t u t 2 ) < p(r 3 , t 4 ) if{h,t 2 ) c (f 3 , t 4 ); 

(ii) lim /40 sup 0<i<f<r> | M</! p(s, t) = k, k> 0. 

Then for any arbitrary real A < K~ l (if k = 0, then k' 1 = +00), 

Eexp |^ JT yS(r)dr| < C = C(i,p, 7) < +00. 
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Let (p be a locally integrable function on W 1 . The Hardy-Littlewood maximal function is 
defined by 

M(p(x) := sup — I <p(x + y)dy, 

0<r<oo \O r \ J b t 

where B, := {x eW 1 : \x\ < r}. The following result can be found in 03 Appendix A]. 
Lemma 5.4. (i) There exists a constant Cd > such that for all tp e C°°(R d ) and x, y e M. d , 

\<p(x) - <p(y)\ < C d -\x-y\ ■ (MIV^I(x) + M\V<p\(y)). (5.2) 
(ii) For any p > 1, there exists a constant Cd, p such that for all if £ L p (R d ), 

{Mip(x)y<\x\ <C d J \<p(x)\ p dx\ . (5.3) 



Acknowledgements: The author is very grateful to Professor Michael Rockner for his valu- 
able suggestions. This work is supported by NSFs of China (No. 10971076; 10871215) and 
Program for New Century Excellent Talents in University. 

References 

[1] G. Crippa and D. De Lellis: Estimates and regularity results for the DiPerna-Lions flow. J. Reine Angew. 

Math. 616 (2008), 15-46. MR2369485 (2008m:34085) 
[2] K.D. Elworthy and X.M. Li: Formulae for the derivatives of heat semigroups. J. Funct. Anal. 125 (1994), 

no. 1, 252-286. MR1297021 (95j:60087) 
[3] S.Z. Fang, R Imkeller and T.S. Zhang: Global flows for stochastic differential equations without global 

Lipschitz conditions. Ann. Probab. 35 (2007), no. 1, 180-205. MR2303947 (2008c:60052) 
[4] E. Fedrizzi, F. Flandoli: Pathwise uniqueness and continuous dependence for SDEs with nonregular drift. 

|hltp7/arxiv.org/abs/1004.3485| 

[5] F. Flandoli, M. Gubinelli and E. Priola: Flow of diffeomorphisms for SDEs with unbounded Holder contin- 
uous drift. Bull. Sci. Math. 134 (2010), no. 4, 405^422. MR2651899 (201 lf:601 13) 

[6] I. Gyongy, T. Martinez: On stochastic differential equations with locally unbounded drift. Czechoslovak 
Math. J. 51(126) (2001), no. 4, 763-783. MR1864041 (2002h:601 19) 

[7] N. Ikeda, S. Watanabe: Stochastic differential equations and diffusion processes. Second edition. North- 
Holland Mathematical Library, 24. North-Holland Publishing Co., Amsterdam; Kodansha, Ltd., Tokyo, 
1989. xvi+555 pp. ISBN: 0-444-87378-3 MR101 1252 (90m:60069) 

[8] N.V. Krylov: Controlled diffusion processes. Translated from the Russian by A. B. Aries. Applications of 
Mathematics, 14. Springer- Verlag, New York-Berlin, 1980. xii+308 pp. ISBN: 0-387-90461-1 MR0601776 
(82a:60062) 

[9] N.V. Krylov: Estimates of the maximum of the solution of a parabolic equation and estimates of the distri- 
bution of a semimartingale. (Russian) Mat. Sb. (N.S.) 130(172) (1986), no. 2, 207-221, 284. MR0854972 
(87m:35118) 

[10] N.V. Krylov and M. Rockner: Strong solutions of stochastic equations with singular time dependent drift. 
Probab. Theory Related Fields 131 (2005), no. 2, 154-196. MR21 17951 (2005k:60209) 

[11] H. Kunita: Stochastic flows and stochastic differential equations. Cambridge Studies in Advanced Mathe- 
matics, 24. Cambridge University Press, Cambridge, 1990. xiv+346 pp. ISBN: 0-521-35050-6 MR1070361 
(91m:60107) 

[12] N. I. Portenko: Generalized diffusion processes. Nauka, Moscow, 1982 In Russian; English translation: 
Amer. Math. Soc. Provdence, Rhode Island, 1990. 

[13] P. Protter: Stochastic integration and differential equations. Second edition. Version 2.1. Corrected third 
printing. Stochastic Modelling and Applied Probability, 21. Springer- Verlag, Berlin, 2005. xiv+419 pp. 
ISBN: 3-540-00313-4 MR2273672 (2008e:60001) 

[14] A. J. Veretennikov: Strong solutions of stochastic differential equations. (Russian) Teor. Veroyatnost. i 
Primenen. 24 (1979), no. 2, 348-360. MR0532447 (81b:60058) 

[15] X. Zhang: Strong solutions of SDES with singular drift and Sobolev diffusion coefficients. Stochastic Pro- 
cess. Appl. 115 (2005), no. 11, 1805-1818. MR2172887 (2007f:60051) 

16 



[16] X. Zhang: Stochastic flows and Bismut formulas for stochastic Hamiltonian systems. Stochastic Process. 
Appl. 120 (2010), no. 10, 1929-1949. MR2673982 

[17] A.K. Zvonkin: A transformation of the phase space of a diffusion process that will remove the drift. (Rus- 
sian) Mat. Sb. (N.S.) 93(135) (1974), 129-149, 152. MR0336813 (491586) 



17 



